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Abstract 
Colbourn, C.J., D.G. Hoffman and C.A. Rodger, Directed star decompositions of directed 
multigraphs, Discrete Mathematics 97 (1991) 139-148. 
An (s, t)-directed star decomposition of a directed multigraph is a partition of the arcs into 
directed stars, each having s arcs into the center and t arcs out of the center. We determine 
necessary and sufficient conditions for a directed complete multigraph to have an (s, t)-directed 
star decomposition. We further determine necessary and sufficient conditions for a regular 
directed symmetric graph to have such a decomposition in which each vertex is the center of 
the same number of stars. 
1. Introduction 
The complete directed multigraph ADK, of order n and index 2. is an ordered 
pair (V, A) where V is a set of n vertices, and A is a collection of An(n - 1) arcs 
containing each (x, y), X, y E V, x Zy, precisely A. times. A directed multigraph is 
symmetric if for each pair of vertices x and y, the number of arcs from x to y 
equals the number of arcs from y to X. It is regular of degree r if the indegree and 
outdegree at each vertex is r. None of the (directed) multigraphs in this paper 
contain loops. 
An (s;t)-directed star is a directed graph which has s + t + 1 vertices, s + t arcs, 
a vertex of indegree s and outdegree t called the center, and no other vertex 
incident with more than one arc. An (s, t)-directed star decomposition of a 
directed graph D is a partition of the arcs of D into (s, t)-directed stars. Such a 
decomposition is balanced if the numbers of stars centered at any two vertices 
differ by at most one. 
We denote an (s, t)-directed star decomposition of an n-vertex directed 
multigraph D by DSD(D; s, t, n); for D = ADK, we use the shorter notation 
0012-365X/91/$03.50 0 1991- Elsevier Science Publishers B.V. All rights reserved 
140 C.J. Colbourn et al. 
DSD(A; s, t, n). In [2], we completely settled the existence problem for a 
DSD(l; s, t, n) (or simply DSD(s, t, n)). In this paper, we extend the results in 
two directions; in particular, we prove Theorems 1 and 2 below. (Similar 
generalizations have been considered for undirected graphs; see for example [4, 
61 and [l] for more references.) 
Theorem 1. Let D be a symmetric directed (simple) graph which is regular of 
degree r. Let s, t 2 0 be integers for which r = 0 (mods + t). Then: 
(i) ifs + t # r, there is a DSD(D; s, t, n), and 
(ii) if s + t = r, there is a DSD(D; s, t, n) if and only if the underlying 
undirected graph of D has an s-factor. 
Theorem 2. Let A, s, t and n be integers satisfying A, s, t 3 1 and n 2 2. Then a 
DSD()L; s, t, n) exists if and only if all of the following hold: 
(Nl) (s + t) ( An(n - l), 
(N2) s+tCn-1, 
(N3) [I(sn+;)l C 1”‘“s “1, L”‘“; ‘)I, 
(N4) Zf A, s and t are all odd, then s + t # n - 1 and A.(n - l)/(A + 1) 4 
{s, t>. 
In the remainder of the paper, we prove Theorems 1 and 2. The strategy 
follows that used for solving the existence problem for a DSD(1; s, t, n) in [2]; we 
assume some familiarity with that paper. In Section 2, we establish the 
equivalence between directed star decompositions and a certain problem on 
digraphs with a specified degree sequence, generalizing the equivalence described 
in [2]. Then in Section 3 we prove Theorem 1, and establish the existence of 
DSD(n; s, t, n) whenever n(n - 1) = 0 (mods + t). In Section 4, we adapt the 
technique from [2] to prove Theorem 2. The necessary conditions for Theorem 2 
are established at the end of Section 4. 
We conclude this section with a result on edge-colorings that will be used 
several times. A k-coloring of the edges of a graph G is equitable if for all 
IJEV(G) andfor l<i<jCk 
ICi(V) - Cj(V)l s 1 
and is balanced if it is equitable and for all u, w E V(G) and for 1 G i <j s k 
ICi(V, W) - Cj(V, W)l s 1 
where ci(v) is the number of edges incident with v colored i and ci(v, w) is the 
number of edges colored i between v and w. It has been proved [7] that for any 
bipartite multigraph B and for any k 2 1 there exists a balanced edge-coloring of 
B with k colors. 
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2. An equivalent problem 
Suppose that D = (V, A) has DSD(D; s, f, n), for D a directed multigraph. 
Suppose that vertex ZJ $ V has indegree id(v), outdegree ad(v) and is the center 
of d(v) stars. Form a directed multigraph R = (V, A’) by including an arc a E A’ 
if and only if Q is an arc into the center of a star in the DSD. Then each vertex 
v E V has indegree s . d(v) and outdegree ad(v) - t . d(v) in R. Moreover, for 
any two vertices x and y, if (y, x) is an arc (Y times and (x, y) is an arc p times in 
D, R must contain the arc (y, X) LY’ times and the arc (x, y) /_I’ times for some LY’, 
/3’ satisfying 
OCff’CCY, 0</3’</3, (Y’ + (p - p’) G d(x). (*) 
This last condition is required since the d(x) (s, t)-stars centered at x can include 
at most d(x) of the arcs between n and y. Hence a DSD yields a subdigraph of D 
satisfying certain degree restrictions and a restriction on the number of arcs 
between pairs of vertices. Remarkably, this is all that it involves. To see this, we 
first need the following statement. 
Lemma 2.1. Let N = (V, A) be a directed multigraph with k(s + t) arcs having a 
vertex c of indegree ks and outdegree kt. Then N has an (s, t)-directed star 
decomposition if (and only if) f or every x #c, the total number of arcs incident 
with x is at most k. 
Proof. Form a bipartite multigraph B on vertex set {I, 0) U (V - {c}) by defining 
{I, x} to be an edge (Y times whenever (x, c) is an arc of N (Y times, and (0, x} is 
an edge p times whenever (c, x) is an arc of N /3 times. Then d,(Z) = ks, 
d,(O) = kt and d,(v) s k for each v E V - {c}. Now color the edges of B 
equitably in k colors. Then I, 0 and v E V - {c} are incident with s, t and at most 
1 edge of each color respectively. Therefore each of the k color classes then yields 
an (s, t)-directed star. •! 
Now we are in a position to prove the equivalence. 
Lemma 2.2. Let D = (V, A) be a directed multigraph with n vertices, each vertex 
v having indegree (id(v)) and outdegree (ad(v)). Let d : I/-, (0, 1, . . . , n - l} be 
an integer function. Zf D contains a spanning directed submultigraph R in which 
each vertex v E V has indegree s - d(v) and outdegree ad(v) - t. d(v), and for 
every pair of vertices x, y, (*) is satisfied, then there exists a DSD(D; s, t, n). 
Proof. For each v E V, let N(v) be the collection of arcs entering v in R, together 
with the collection of arcs leaving v in D - R. We need only verify that for each 
v, N(v) meets the conditions of Lemma 2.1. The construction of N(v) ensures 
that v has indegree s * d(v) and outdegree t . d(v). Hence we need only verify 
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that for each x # V, the total number of arcs incident with x is at most d(v); this 
follows directly from (*). 0 
Lemma 2.1 establishes that finding a directed submultigraph R of D and a 
function d so that R and d satisfy both the degree conditions and (*), is equivalent 
to finding the directed star decomposition of D. We focus on directed multigraphs 
which are symmetric. When an arc (x, y) and its reverse (y, X) each appear m 
times, (*) requires that of these 2m arcs, at most d(x) appear in stars centered at 
n. More precisely, if (Y is the number of such arcs entering x in R, and p is the 
number of such arcs leaving x in R, we have 
(Y + m s ~YI + d(x). 
We also have 
(**) 
/3 + m s a + d(y). 
From now on, we make the assumption that the DSD to be found is balanced; 
this prescribes the function d and reduces our task to finding the equivalent 
directed multigraph R. 
3. Regular directed multigraphs 
We first consider decompositions of directed multigraphs which are regular of 
degree r into (s, t)-directed stars where r = 0 (mods + t). In this case, a balanced 
DSD must have d(v) = r/(s + t) for each vertex U. 
Lemma 3.1. Let D be a directed multigraph with n vertices which is regular of 
degree r. Let s, t be nonnegative integers with s + t 2 1, for which r = 0 (mod s + t) 
and let r = k(s + t). Zf, f or every pair of vertices x and y, the number of arcs 
incident to both x and y is at most k, then there is a balanced DSD(D; s, t, n). 
Proof. Observe that d(v) = k for each vertex v. Hence condition (*) is vacuous, 
and to meet the conditions of Lemma 2.2, we need only find any spanning 
directed submultigraph of D which is regular of degree sk. Now D is decom- 
posable into r spanning subgraphs which are regular of degree 1 (simply 
l-factorize the bipartite graph corresponding to D). Combining any sk of these 
l-factors yields the required subgraph. 0 
Lemma 3.1 establishes part (i) of Theorem 1, but is a very much more general 
result. Next we establish (ii) of Theorem 1, as a consequence of the following. 
Lemma 3.2. Let D be a symmetric directed multigraph which is regular of degree 
r. Let r = A(s + t), and suppose that each arc occurs at most A times in D. Let G be 
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the underlying r-regular multigraph of D. Then there is a balanced DSD(D; s, t, n) 
if G has an &factor. Moreover, when A = 1 (so D is simple), there is a 
DSD(D;s, t, n) only if G has an s-factor. 
Proof. Given an s&factor F in G, replace each edge of F by two arcs in 
antiparallel. The resulting digraph R satisfies the conditions of Lemma 2.2. 
The necessity of this condition when A = 1 is more complicated. Suppose that 
A = 1 and we have a DSD of D. Let V, be the set of vertices with d(v) = 0, VI be 
those with d(v) = 1 and V, be those with d(v) 3 2. Since there are precisely n 
stars in the DSD, IV,1 =S IV,l. Now consider a vertex x E V,; suppose that (x, y) 
and (y, X) are arcs. Then (**) requires that y E V,. But then all arcs leaving any 
vertex of V, must enter V, and we have r IVJ or IV,l. Hence IV,1 = IV,1 and D 
consists of a (possibly empty) bipartite subdigraph on V,, V, and a (possibly 
empty) subdigraph on V,. The bipartite portion certainly has an s-factor. Now 
consider the portion on VI. Condition (**) ensures that whenever (x, y) is chosen 
in R, so also is (y, x); hence R induces an s-factor on the subdigraph on VI as 
well. q 
Graphs with s-factors have been widely studied; see, for example [3, 51. The 
(s, t)-directed star decomposition problem is an interesting extension of the 
s-factor problem. For directed multigraphs, we have the following (partial) 
extension of Theorem 1, which was first proved by Yu [8]. This result settles the 
existence problem for DSD(A; s, t, n)‘s in which each vertex is the center of the 
same number of (s, t)-directed stars as each other vertex. 
Lemma 3.3. Let s, t, A 3 1 and n 3 2. Then there exists a balanced DSD(A; s, t, n) 
provided: 
(i) s + t C n - 1, 
(ii) A(n - 1) = 0 (mods + t), 
(iii) if A, s and t are all odd, then s + t # n - 1. 
Proof. Let A(n - 1) = k(s + t), so d(v) = k 2 A. 
If d(v) > A, first partition DK, into n - 1 spanning subgraphs S,, . . . , S,_, 
which are regular of degree 1. Form R by including subgraph S, [sk/(n - l)] 
times for 1~ i s sk - (n - 1) [sk/(n - l)], and including subgraph Sj [sk/(n - l)] 
times otherwise. In R, the number of appearances of arcs (x, y) and (y, X) differs 
by at most one. Hence (**) is satisfied, and R is regular of degree sk. 
If d(v) = A. then s + t = n - 1. If n is even, form S,, . . . , S,_, by taking a 
l-factorization of K,, and replacing each edge by arcs in anti-parallel. Then apply 
the procedure above; arcs (x, y) and (y, X) always appear the same number of 
times, satisfying (**). Now if n is odd, (iii) requires that s and t are both even, or 
that A is even. Form the Si by taking a Hamiltonian decomposition of K,, 
H,, . . . , Hcn-~),z, and orienting each Hi in both directions to form S,,_i and &; 
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since sA - (n - 1) lsA/(n - l)] is even, arcs (x, y) and (y, x) appear the same 
number of times, so again (**) is satisfied. 0 
The techniques of Lemma 3.3 can be extended to obtain a result in a more 
general setting. 
Lemma 3.4. Let D be a symmetric r-regular directed multigraph on n vertices in 
which each arc appears at most A times. Suppose that r is even, r = k(s + t), k > A 
and if k = A then not all of A, s and t are odd. Then there exists a balanced 
DSD(D; s, t, n). 
Proof. Let G be the r-regular undirected multigraph underlying D. By Peterson’s 
Theorem, G has a 2-factorization into the 2-factors G,, . . . , Gr,2. For 1~ i <r/2 
let Hi be formed from Gi by replacing each edge by arcs in antiparallel. Then Hi is 
a symmetric 2-regular directed multigraph and so has a factorization into two 
directed 2-factors Hi,, and &. Let R be the Sk-regular directed graph formed by 
the union of the graphs Hi for 1 s i <Sk/2 if sk is even, and H, and Hlsklzl,i for 
16 i G skJ2 if sk is odd. 
In R, for each pair of vertices x and y, the number of arcs (x, y) differs from 
the number of arcs (y, x) by at most one, and are actually equal if sk is even. 
Therefore D satisfies the conditions of Lemma 2.2 (since if k = A, sk is even 
because r is even and not all of A, s and t are odd), and so the result follows. 0 
4. Complete directed multigraphs 
In this section, we prove Theorem 2. First we treat the sufficiency. If 
A(n - 1) = 0 (mod(s + t)), L emma 3.3 establishes the result. To treat the case 
when A(n - 1) f 0 mod (s + t), we observe that the average d(v) is A(n - l)/(s + 
t). Hence we set 
and produce a DSD in which r vertices each are the center of q + 1 (s, t)-directed 
stars, and n - r vertices each are the center of q (s, t)-directed stars. To use 
Lemma 2.2, we have to produce a directed multigraph R with a set X1 of a, = r 
vertices of indegree bI = sq + s and outdegree c, = A(n - 1) - tq - t, and a set X2 
of a2 = n - r vertices of indegree b2 = sq and outdegree c2 = A(n - 1) - tq; R must 
also satisfy condition (**). Let us consider the distribution of arcs in a digraph R 
meeting the conditions. Suppose that R has w arcs joining two vertices in Xi, x + y 
arcs from X2 to X1, y arcs from X1 to X2, and z arcs joining two vertices in XZ. 
We observe first that x > 0 since x = aI(b, - cl) and b, - c1 = (s + t)q + 1 - A(n - 
1) > 0. We exploit this excess of arcs from X2 to X1 over arcs from X1 to X2 by 
treating all arcs from X, to X, as paired with the reverse arc from X, to Xi. 
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Now the (obvious) necessary conditions on R, namely that 
06 w cAu,(a, - l), OGy, 
x +y GAa,a*, 0 G 2 =z nu,(u, - l), 
can be rewritten using the equations 
x = a,@, - c,) = a*(+ - b*), 
y = a2b2 - z, 
w=u,cl-ua,b,+z 
as constraints on 2 alone: 
0 
1 i 
@& - I) 
u2(c2 -Aal) GZ s a2b2 
uzb, - ulcl Aul(ul - 1) + u2b2 - a,~,. 
We claim that there is always an integer solution for z; this can be verified by 
checking that none of the three lower bounds exceeds any of the three upper 
bounds provided (Nl)-(N3) hold. This is a routine extension of the argument for 
A = 1 in [2], and so we omit the details here. Typically we have more than one 
admissible choice for z; when we can choose z to be even, we proceed as follows: 
Using Lemma 4.5 of [2], we can sequence the edges e,, . . . , e, of the complete 
bipartite graph on Xi and X, so that for 0 sj urn, the first j edges induce a 
semiregular bipartite graph (a directed graph is semiregular if all degrees are of the 
form (d, d) or (d - 1, d - 1)); set e, = ej if i -j (mod m) to form an infinite sequence 
of edges. Now choose edges e,, . . . , e,,,; orient the first x from X, to Xi, and 
replace the remaining y edges by arcs in antiparallel. Since x = 0 (mod ai) and 
y = 0 (mod u2), the portions remaining on X1 and on X2 are semiregular. Since z 
is even, we can place an appropriate semiregular graph on Xz (see Lemma 4.3 of 
[2]) with each edge replaced by a pair of arcs in antiparallel. Now we consider the 
w arcs on Xi. First place ]w/(ui(ai - l))] co tes of a complete directed graph on p’ 
X1, and set w’ to be the number of remaining arcs. If w’ # 1 or al(ul - 1) - 1, 
Lemma 4.4 of [2] establishes the existence of the required semi-regular directed 
graph on w’ arcs. If w’ = 1, we can find vertices a, c E Xi, and b E X2 so that 
vertex a still requires an in-arc and an out-arc, and the difference in numbers of 
occurrences of (6, a) and (a, 6) exceeds the difference in number of occurrences of 
(6, c) and (c, 6). We remove one occurrence of (c, 6) and add one occurrence 
each of (c, a) and (a, 6). If w’ = ui(ui - 1) - 1, place one further copy of a 
complete directed graph on X1. Now there is a vertex a E Xi whose in and out 
degrees are both one too large. Select b E X2 and c E X1 so that the excess of arcs 
(6, c) over arcs (c, 6) exceeds the excess of (6, a) over (a, 6). Remove arcs (c, a), 
(a, 6) and add arc (c, 6). The condition (**) is certainly met for arcs inside X, 
and inside Xz. For ‘cross’ edges, we must verify that (**) is also met. Since q > A, 
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A(n - 1) - (s + t)q C r(q + 1 - A). Hence x G (q + 1 - A)aia,. Hence for a E Xi, 
b E X,, the excess of occurrences of (b, a) over (a, b) is at most q + 1 - A, 
satisfying (**). 
What remains is the case when z is forced to be odd. For this to happen, a 
lower and an upper bound on z must coincide at an odd value. Since 0 and 
Azz(u, - 1) are even, there are four combinations to check. 
If u2(c2 - hu1) = u2b2 then substituting for a,, b2 and c2 yields (s + t)q = 
A(n - 1) -Ar. But from the definition of r, (s +t)q =A(n - 1)-r(s +t)/n. 
Therefore s + t = An in contradicting (N2). 
Now if u2b2 - ulcl = u2b2 is odd, ci =0 and hence w = 0 and y = 0, while 
z = u2b2 is odd. If q > A, place a digraph on X2 which is regular of degree 
(b2, b2). If q = A, every arc (a, b) on X2 must appear the same number of times 
as (b, a). This cannot be done since u2 and b, are both odd. However in this case, 
c1 = 0 implies t = A(n - l)/(A + 1); u2b2 odd implies that s, q and n - r are all 
odd. Since q is odd and n = r (mod 2), t must also be odd, and this violates (N4). 
The case when u2(cz - Au,) = kul(ul - 1) + u2c2 - ulb, is odd is analogous. We 
have b, = A.(n - 1) and hence y = 0 (mod u2), allowing us to place regular 
digraphs on X, and X2 for q > A. When q = A, we find that t, q and n - r are odd 
which implies as before that s = A(n - l)/(h + 1) is odd, violating (N4). 
Finally, if u2b2 - ulcl = Aul(ul - 1) + u,b, - ulcl is odd, we have that a, = 1. 
But a, = r = 1 implies that s + t ~0 (mod n) which is a contradiction to 
s + t s n - 1 for n 2 2. This completes the proof of sufficiency for Theorem 2. 
Proving the necessity of (Nl)-(N3) is straightforward. For (N4), we observe 
that any balanced DSD must be constructed as above since a unique value for z is 
determined by these parameters. Hence we need only rule out unbalanced 
solutions. Condition (N3) guarantees that since s or t = A(n - l)/(A + l), d(v) G 
A + 1 for every vertex ZJ. Condition (**) requires that if any vertex u has 
d(v) = II - m, any other vertex w has d(w) 2 A + m. Hence vertices can be the 
center of only A - 1, A or A + 1 (s, t)-directed stars; if any vertex is the center of 
A - 1 (s, t)-directed stars, all others are the center of A + 1. In this latter case, 
there are (A + l)(n - 1) + A - 1 = (A + 1)n - 2 (s, t)-directed stars. But the num- 
ber of (s, t)-directed stars is An(n - l)/(s + t); since s + t > A(n - l)l(A + l), too 
many (s, t)-directed stars are needed for an unbalanced solution. This establishes 
(N4), and completes the proof of Theorem 2. 
5. A further result on directed multigraphs 
In Section 3, we obtained a number of general results on decompositions of 
regular directed multigraphs. In this section, we introduce a general technique 
which can handle some further cases. 
Lemma 5.1. Let D be an r-regular symmetric directed multigruph with no arc 
appearing more than A times. Let s 2 t 2 1, r = d(s + t) and suppose that 
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(s - t) 1 (s + t) or s = t. Then there exists a balanced DSD(D; s, t, n) provided that 
d 2 A + 1 if A is even and 2(s + t) does not divide (s - t)A, and that d > A + 2 if A is 
odd. 
Proof. Let B be the r-regular bipartite multigraph at the vertex set V(D) x (1, 2) 
corresponding to D. For s # t, give B a balanced edge-coloring with r/(s - t)d = 
(8 + t)/(s - t) co ors 1 and let B1 be the &d-regular submultigraph of B formed by 
removing the edges of one color class. Give B1 if defined, and B otherwise, a 
balanced edge-coloring with two colors and let B2 be the sd-regular bipartite 
submultigraph of B1 corresponding to one color class. B2 then produces a DSD 
by Lemma 2.1. To establish this, we need only verify (**). 
For some pair x, y let 2m be the number of arcs between x and y in D. In B, 
there are then m edges between (x, 1) and (y, 2) and m edges between (x, 2) and 
(y, 1). Hence we find that in B2, the number of edges between (CC, 1) and (y, 2) is 
at most 
while the number between (x, 2) and (y, 1) is at least 
For m = A, we require d to exceed A plus the difference of the number of edge 
occurrences above. Hence if 
d 3 A, A is even, and 2(s + t) divides (s - t)A or 
d 2 A + 1, A is even, and 2 does not divide (s - t)A or 
dz=A+2, and A is odd 
then the condition (**) is met. Cl 
This technique should prove useful with much less stringent restrictions on s 
and t; it appears, however that a more fruitful line of investigation would be to 
generalize results on balanced edge-colorings to prescribe the sizes of the color 
classes. 
6. Concluding remarks 
Theorem 2 provides a complete solution to the existence of DSD(A; s, t, n), by 
exploiting a remarkably simple equivalence to a subdigraph problem. What is 
perhaps more surprising is that many of the techniques extend in a natural way to 
regular directed multigraphs. This is reason for optimism: one might expect that a 
complete result could be proved for regular directed multigraphs. However, the 
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optimism should be somewhat tempered by this result of Lemma 3.2 since in a 
restricted case, DSD’s are equivalent to s-factors of graphs. So any general 
solution will be a nontrivial extension of the problem of finding s-factors of 
graphs. 
We close with a computational problem. What is the complexity of deciding, 
given D, s and t, whether D has an (s, t)-directed star decomposition? All of the 
techniques of this paper are constructive, and lead to polynomial time algorithms 
in the restricted cases examined here. Hence one might hope that the problem 
remains polynomial for arbitrary digraphs. 
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